Very recently it has been predicted that the far-field radiative heat transfer between two macroscopic systems can largely overcome the limit set by Planck's law if one of their dimensions becomes much smaller than the thermal wavelength (λ Th ≈ 10 µm at room temperature). To explore the ultimate limit of the far-field violation of Planck's law, here we present a theoretical study of the radiative heat transfer between twodimensional (2D) materials. We show that the far-field thermal radiation exchanged by two coplanar systems with a one-atom-thick geometrical cross section can be more than 7 orders of magnitude larger than the theoretical limit set by Planck's law for blackbodies and can be comparable to the heat transfer of two parallel sheets at the same distance. In particular, we illustrate this phenomenon with different materials such as graphene, where the radiation can also be tuned by a external gate, and singlelayer black phosphorus. In both cases the far-field radiative heat transfer is dominated 1 arXiv:1802.09463v1 [physics.optics]
photonic states in these systems to modify the characteristics of emitters in a wide variety of scenarios. Most of the theoretical work in the case of graphene has focused on the possibility to tune and enhance the NFRHT mediated by the surface plasmon-polaritons sustained by this material. 24, 25 For instance, it has been predicted that the NFRHT between polar dielectrics can be boosted by placing a graphene layer on top. [26] [27] [28] This prediction has been confirmed experimentally. 29 Other studies have proposed periodic graphene ribbon arrays to induce hyperbolic modes and thus further enhance the NFRHT between 2D systems.
30
The NFRHT between graphene nanodisks has also been studied, 31 and the analysis of the time scales of radiative heat transfer in this setup suggests that this process is ultrafast.
32
Let us also mention that the near field thermal conductance between Dirac 2D materials scales as the inverse of the distance between two flakes. 33 However, and despite all these recent advances, FFRHT between 2D materials remains unexplored. As explained above, 2D materials constitute ideal systems in which one can explore the ultimate limit of the violation of Planck's law in the far-field regime. Moreover, from an applied viewpoint, understanding the absorption and emission of radiation in 2D materials is key to properly characterize their thermal properties and harness their unique mechanical and electronic features. 34 For these reasons, we present in this work a theoretical study of the FFRHT between systems with a one-atom-thick geometrical cross section.
In particular, we demonstrate that the FFRHT thus, for the radiative problem they constitute systems with a one-atom-thick geometrical cross section. In order to compute the power exchanged in the form of thermal radiation between these 2D systems, we make use of the theory of fluctuational electrodynamics. 4, 5 In this theory, the material properties enter via the dielectric function, which in the graphene case can be determined from the electrical conductivity. 35 The 2D conductivity of graphene,
, calculated within the random phase approximation can be expressed in terms of the chemical potential (µ), temperature (T ) and scattering energy (E s )
where the intraband and the interband contributions are given by
with Ω =hω/µ, γ = E s /µ, and t = k B T /µ. In Figure 1b we show the normalized 2D conductivity of graphene, in units of σ 0 = e 2 /2πh, for T = 300 K, E s = 10 −4 eV, and different values of the chemical potential. As one can see, graphene resembles a Drude metal in the infrared regime whose metallic character increases with the chemical potential. Let us remark that the value chosen in this case for E s corresponds to a graphene sheet with a very large relaxation time, τ =h/E s , which is normally the desired scenario in the field of graphene plasmonics. 36 We will show below that the opposite limit is indeed more favorable for the absorption and emission of radiation between 2D materials.
In order to calculate the FFRHT, we make use of a result derived in a recent work 23 with the help of a thermal discrete dipole approximation. 37 This result establishes a connection between the FFRHT between two objects and their absorption efficiencies, i.e., their absorption cross sections divided by their geometrical cross sections. Assuming that a sheet of a 2D material can be modeled as a parallelepiped (see below), this result indicates that the radiative power exchanged between two identical flakes at temperatures T 1 and T 2 and separated by a gap d much larger than both λ Th and their characteristic dimensions is given
where A is the geometrical cross section of the bodies and F 12 = δ/2d is the geometrical view factor, 1 where δ is the geometric thickness of the 2D material. On the other hand, Q TM,TE (ω)
is the frequency-dependent absorption efficiency for a plane wave with normal incidence and transverse magnetic (TM) or transverse electric (TE) polarization, and I BB (ω, T ) is the Planck distribution function, which is given by
where c is the speed of light. The black-body limit can be obtained by assuming that the absorption efficiencies Q TM,TE (ω) = 1 for all frequencies. In this case, equation 3 reduces to the Stefan-Boltzmann law:
It is worth mentioning that we have verified the validity of eq 3 to calculate the FFRHT between 2D materials by comparing its results with numerically exact simulations within the framework of fluctuational electrodynamics (Supporting Information, Figure S1 ).
According to eq 3, Q TM,TE (ω) are required to calculate the FFRHT between two graphene sheets. Since our system is one-atom-thick in the y-direction (Figure 1a) , a wave impinging with the electric field pointing in the y-direction does not generate any current on that direction. Hence, the absorption cross section of TM plane waves vanishes (Q TM (ω) = 0) and only Q TE (ω) contributes to the FFRHT. Note that free-space propagating waves cannot couple efficiently to surface plasmons in graphene, which lie far outside the light line, due
to the large mismatch in in-plane momentum. We have calculated this efficiency using COMSOL MULTIPHYSICS, where we have modeled our system as a 3D parallelepiped
! ( for different chemical potentials and for a scattering energy E s = 10 −4 eV. Notice that the absorption cross section is much larger than the geometrical one in the infrared frequency range, which shows that graphene is a very efficient broadband infrared absorber, even when the incident vector of the plane wave is parallel to the graphene sheet (see inset in Figure 1c ).
Notice also that Q TE (ω) increases for decreasing frequency, which is due to the increase of losses in the system (see Figure 1b) .
In order to get further insight into the remarkable radiation absorption of a graphene flake, we have derived an analytical expression for Q TE (ω) in eq 3 as follows. The radiation absorption can be understood as a two-step process. First, a TE plane wave impinges in the graphene flake (see inset in Figure 1c ) and couples to the guiding modes of our system.
Second, these modes propagate along the z-direction, while being progressively absorbed by the graphene flake. Taking both processes into account (Supporting Information, Figure S2 ), the frequency-dependent absorption efficiency can be expressed as
Here, k z corresponds to the z-component of the graphene mode wave vector and k y,v represents the y-component of the same wave vector in vacuum. In eq 5, the factor 1/Im{k y,v } is related to the coupling between the plane wave and the EM mode of the system, while the numerator (1 − e −2Im{kz}Lz ) accounts for the absorption of the guiding wave along the graphene sheet. We have computed the dispersion relation of the leaky guided modes of our system by using standard dielectric waveguide theory 39 (see Supporting Information).
In Figure 1c we show the analytical results for the absorption efficiency Q an TE (ω) (dashed lines) and, as one can see, there is an excellent agreement with the exact numerical simulations. This agreement allows us to conclude that the extraordinary absorption efficiency of a graphene flake in this configuration is due to the fact that it behaves as a lossy waveguide that absorbs the radiation via the excitation of guided TE modes. In particular, because of the low impedance mismatch, the incident radiation is efficiently coupled into guided modes and is eventually absorbed.
Once Q TE (ω) is known, we can use eq 3 to calculate the FFRHT between two graphene flakes in the coplanar configuration (see Figure 1a) . We shall characterize the FFRHT in proportional to (1 − e −2Im{kz}Lz ), according to eq 5. In the limit in which Im{k z }L z 1,
is simply proportional to L z . Thus, from eq 3, it is obvious that G th ∝ L 2 z for short graphene flakes, as it is verified in Figure 2b .
We have shown that the FFRHT between graphene sheets can overcome the Planckian limit by more than 4 orders of magnitude. However, our analysis also suggests that the thermal conductance could be further enhanced by increasing the intrinsic losses in the graphene sheets. To test this idea, we have calculated the FFRHT for these graphene sheets assuming a larger value for the scattering energy E s . Figure 3a shows the normalized 2D conductivity of graphene for E s = 0.01 eV, i.e., two orders of magnitude larger than in the examples above. The corresponding results for the absorption efficiency Q TE (ω) are displayed in Figure 3b . The absorption cross section is again orders of magnitude larger than the geometrical one and, more importantly, it is also higher than in the previous case. Figure 3c shows the spectral G th for L z = 10 µm, E s = 0.01 eV, and a gap d = 1 mm. In this case the maximum of the spectral G th is strongly blueshifted (ω = 1.3 × 10 13 rad/s), and the relevant frequencies for the FFRHT are also higher. The reason for this blueshift is that Q TE (ω) adopts larger values at frequencies which have a better overlap with Planck distribution function at room temperature. As a consequence, the total thermal conductance G th is much higher in this case, as we illustrate in Figure 3d . Notice that in this case the Planckian limit can be overcome by more than 7 orders of magnitude. Thus, we see here that the graphene with a high density of impurities (i.e., with low mobility), which is normally dismissed for optoelectronic and plasmonic applications, is more efficient regarding thermal emission and absorption.
For the sake of comparison, we have also analyzed the FFRHT between two graphene sheets of the same dimensions as those of Figure 3c (µ = 0.3 eV) now parallel to each other and separated by a distance d along the normal direction. In that case, the geometrical cross section is 27000 times larger than in the coplanar configuration and Planck's law would thus predict 27000 2 higher heat transfer efficiency than in the coplanar case. However, the FFRHT between the graphene sheets in this case is only 4 times larger and it does not exhibit an enhancement over Planck's law. Indeed, the ratio with the blackbody results is 1.5 × 10 −3 .
This confirms that the FFRHT between coplanar sheets is truly remarkable and that its absolute value is comparable with other setups that have a much higher geometrical cross section. Moreover, we have performed additional simulations to verify if such FFRHT could be measured in a realistic experimental setup. We have calculated the FFRHT between two graphene sheets with L x = 20 µm, L z = 60 µm, µ = 0.5 eV, E s = 0.01 eV and separated by a gap of 20 µm, where the thermal radiation is already dominated by the far-field contribution. 7 The dimensions chosen for both the graphene sheets and the gap are within reach of state-of-the-art calorimetric techniques. 42, 43 In order to compute the FFRHT, we have made use of the code SCUFF-EM, which implements a fluctuating-surfacecurrent approach to the radiative heat transfer problem and provides numerically exact results within the framework of fluctuational electrodynamics. 40, 41 The room-temperature linear heat conductance between the flakes is in this case 1.62 pW/K, which is within the sensitivity of existent calorimetric techniques.
42,43
At this point one may wonder whether the dramatic violation of Planck's law discussed above for the case of graphene may also occur in other 2D materials. To show that this is actually the case, we now turn to analyze the case of single-layer black phosphorus (SLBP).
We have computed the FFRHT between two coplanar SLBP sheets (see Figure 1a) . The distinctive steps of the atomic structure of SLBP are in our case placed along the z-direction.
We have modeled the dielectric properties of a black phosphorus monolayer in an analogous way to graphene and its 2D conductivity has been taken from previous studies. is not exclusive of graphene, but can also occur in other 2D materials such as SLBP.
In summary, we have presented a theoretical analysis of the FFRHT between 2D materials, graphene and single-layer black phosphorus, in a coplanar configuration. We have shown that the relevant absorption cross section of flakes of these materials can be orders of magnitude larger than their atomic-sized geometrical cross section. We have also shown that this extraordinary absorption efficiency makes the FFRHT between flakes of these materials more than 7 orders of magnitude larger than the limit set by Planck's law, which constitutes the ultimate violation of this law in the far-field regime. Finally, we have shown that the novel mechanism responsible for this FFRHT involves the propagation properties of TE-polarized guiding modes in these materials, modes that are usually irrelevant in the context of plasmonic or optoelectronic applications.
